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(a)Mp = 3.2 × 10−2Mth (lsh ∼ 3.4h)
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Fig. 2.— Radial cut of the PV profile (averaged over x and y, see Section 4.2) for dif-
ferent ESO (a, with resolution=256/h, rs = h/32, and Φp = Φ(4)

p ), resolution (b, with

EOS=isothermal, rs = h/16, and Φp = Φ(4)
p ), rs (c, with EOS=isothermal, resolution=256/h,

and Φp = Φ(4)
p ), and Φp (d, with EOS=isothermal, resolution=128/h, and rs = h/16). For

all simulations we use Mp = 2.09 × 10−2Mth (corresponding to lsh ∼ 4h), and ROE solver
with 3rd order accuracy.

Numerical	  Studies	  of	  the	  Linear	  and	  Non-‐linear	  Evolu7on	  of	  Density	  Waves	  
Generated	  By	  Low	  Mass	  Planets	  in	  Protostellar	  Disk	  

Ruobing	  Dong,	  Roman	  Rafikov	  &	  Jim	  Stone,	  2011	  a,	  b	  (Princeton	  University)	  

What?	  
We	  do	  hydro	  simula7ons	  to	   inves7gate	  the	  excita7on	  and	  propaga7on	  of	  the	  density	  wave	  in	  gaseous	  
protoplanetary	  disk	  driven	  by	  protoplanets,	  and	  to	  study	  the	  disk-‐planet	  interac7on.	  

Why?	  
The	   primary	   goal	   is	   to	   verify	   the	   analy7cal	   theory	   by	   Goldreich	   &	   Tremaine	   1980	   and	   Goodman	   &	  
Rafikov	  2001,	  where	  the	  evolu7on	  of	  the	  density	  wave	  and	  disk-‐planet	  interac7on	  in	  2D	  case	  has	  been	  
thoroughly	  studied	  in	  both	   linear	  and	  nonlinear	  stage.	   In	  addi7on,	  we	  inves7gate	  the	  effect	  of	  various	  
numerical	  parameters	  in	  simula7ons.	  At	  last,	  we	  discuss	  a	  numerical	  problem	  in	  disk-‐planet	  simula7ons.	  
Disk-‐planet	  interac7on	  provides	  the	  torque	  for	  planet	  migra7on,	  drives	  the	  disk	  to	  evolve	  which	  leads	  to	  
migra7on	  feedback,	  and	  shock	  forma7on	  introduced	  by	  nonlinear	  evolu7on	  may	  open	  gaps	  in	  the	  disk.	  

Why	  again?	  -‐-‐-‐	  these	  simula7ons	  has	  been	  done	  numerous	  7mes!	  
Analy7cal	  theory	  tells	  us	  these	  quan77es:	  
Primary:	  density	  profile	  in	  linear	  and	  nonlinear	  stage,	  torque	  density	  in	  physical	  space	  and	  in	  Fourier	  
space,	  	  and	  where	  the	  shock	  happens	  (shocking	  length	  lsh)	  .	  
Secondary:	  total	  torque	  (integral	  of	  the	  torque	  density),	  and	  post-‐shock	  angular	  momentum	  decay.	  
Ter.ary:	  migra7on	  rate	  (difference	  between	  torques	  from	  the	  inner	  and	  outer	  disk),	  and	  gap	  opening	  
planet	  mass	  limit	  and	  process	  (accumulated	  effect	  of	  the	  post	  shock	  evolu7on).	  

Vast	  majority	  of	  previous	  works	  focus	  on	  ter7ary	  quan77es,	  which	  are	  very	  derived	  
quan77es.	  We	   compare	  each	   of	   the	   primary	   and	   secondary	   quan..es	  with	   the	  
theory,	   at	   percent	   level.	   To	   achieve	   this	   goal,	   we	   use	   extremely	   high	   spa.al	  
resolu.on	   (256	   grid	   point	   per	   scale	   hight),	   accurate	   numerical	   algorithms,	  
accurate	  planetary	  poten.al,	  and	  with	  low	  level	  of	  numerical	  viscosity	  (α<1E-‐5)	  
How	  do	  we	  do	  this?	  
We	   use	   the	   new	   grid-‐based	   code	   Athena	   (Stone	   et	   al.	   2008):	   Godunov	   scheme	   (good	   for	   shock	  
capturing),	  fully	  conserva7ve	  (mass,	  momentum,	  and	  energy),	  with	  very	  low	  level	  of	  numerical	  viscosity.	  
Simula7ons	  are	  2D	  local	  shearing	  sheet	  inviscid	  simula7ons.	   	  The	  planet	  masses	  used	  are	  from	  ~0.003	  
to	  ~1	  thermal	  mass	  (Mth=cs3/GΩp),	  	  which	  corresponds	  to	  4	  lunar	  mass	  to	  10	  earth	  mass	  in	  MMSN.	  

The	  main	  results:	  
I.	  Density	  wave	  profile	  (azimuthal	  density	  cut	  at	  several	  radial	  posi7ons)	  

	  	  Density	  as	  a	  func7on	  of	  y	  at	  
various	  x	  

nonlinear	  
evolu7on	  

in	  
linear	  
stage	  

II-‐2.	  Post	  shock	  AM	  decay	  paJern	  

III.	  Torque	  density	  in	  Fourier	  space	  (at	  each	  mth	  harmonics)	  

percent	  level	  
agreement	  

torque	  at	  each	  mth	  LR!	  

 
PV =

∇ × v


∑ 4	  Lunar	  masses	  

8	  Earth	  masses	  

II.	  Angular	  momentum	  flux	  and	  torque	  calcula.on	  

IV:	  Iden.fy	  shocks	  (using	  poten.al	  vor.city	  PV),	  and	  confirm	  the	  	  lsh-‐Mp	  rela.on	  

theore7cal	  	  lsh=5h	  
second	  order	  

solver,	  resolu7on	  
32/h,	  inaccurate	  

poten7al	  
VS	  

third	  order	  solver,	  
resolu7on	  256/h,	  
accurate	  poten7al	  

µ = m h
rp

radial	  PV	  cut	  	  

  

Δ ∝ t−1/ 2

w ∝ t1/ 2

t = t(x)

VI:	  A	  poten.al	  numerical	  
problem.	  

When	   the	   dynamical	   7me	  
scale	  around	  the	  planet	  is	  not	  
well	   resolved,	   the	   simula7ons	  
would	   yield	   wrong	   results.	   In	  
this	  case	  the	  wave	  develops	  a	  
7me	  dependent	   solu7on,	  and	  
a	   spurious	   gap	   opening	  
phenomenon	  emerges.	  
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Fig. 11.— Azimuthal density profiles δΣ (scaled by the planetary mass and normalized by

(x/h)1/2) at x = 1.33h, for simulations using orbital advection algorithm (FARGO) with
different tff,s/dt ratio (we manually set dt in different cases to be a fraction of the value of

dt set by the Courant condition in FARGO). Dashed lines show the density profiles at half
simulation time for two representative runs to illustrate whether temporal convergence has
been achieved. Theoretical prediction (GR01) is also plotted to guide the eye. Simulations

are done with resolution 64/h, Φ(4)
p potential with rs = h/8, and Mp = 3.2 × 10−2Mth.

Full	  FARGO	  (Rafikov	  &	  Petrovich,	  2012)	  

“nega7ve	  torque”	  

II-‐1.	  Torque	  density	  (the	  slope)	  

(a)	  

(b)	  

(c)	  

(a):	  Ini7al	  torque	  growth,	  as	  the	  wave	  
collects	  Lindblad	  resonances.	  
(b):	  Reach	  a	  plateau	  aler	  the	  torque	  
excita7on	  and	  before	  the	  shock.	  AMF	  
agrees	  with	  the	  torque	  means	  angular	  
momentum	  conserva7on.	  
(c):	  Aler	  the	  shock,	  angular	  momentum	  is	  
no	  longer	  conserved,	  and	  it	  decays	  as	  the	  
wave	  gets	  damped.	  

(a)	  

(b)	  

(a):	  	  As	  the	  wave	  moves	  away	  from	  the	  
planet,	  it	  collects	  lower	  and	  lower	  LR.	  
(b):	  The	  nonlinear	  effect	  changes	  the	  
power	  in	  higher	  mth	  LR.	  
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threshold	  

dynamical	  7mescale/dt	  

V:	  Effects	  of	  various	  numerical	  parameters	  
Low	   	   resolu7on,	   inaccurate	   numerical	   solver,	   and	   inaccurate	  
planetary	  poten7al	  lead	  to:	  
1. 	  	  	  Low	  density	  perturba7on	  (~20%).	  
2. 	  	  	  Shock	  (and	  dissipa7on)	  happens	  earlier.	  
3. 	  	  	  Low	  final	  angular	  momentum	  of	  the	  wave	  (~25%).	  
These	   effects	   will	   have	   further	   consequences	   on	   planetary	  
migra?on	  rate	  and	  gap	  opening	  process…	  

Theory	  says:	  


